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1 Introduction

This galois package introduces two-dimensional notations for Galois connections.

2 Detailled explanations on Galois connections

If (L, <) and (M, C) are posets, « € L— M,y € M +— L and Vz € L,y € M:
alz) Cy <= x < 7(y) then the pair (a, v) is a Galois connection, written
\galois{\alpha}{\gamma}:

(L, <) == (M, )

In a Galois connection, « is onto if and only if 7 is one-to-one if and only if
a oy = 1 (where o is the functional composition and 1 the identity), written
\galoiS{\alpha}{\gamma}:

(L, <) == (M, C)

« is one-to-one if and only if ~+ is onto if and only if v o o = 1, written
\Galois{\alpha}{\gamma}:

(L, <) === (M, T)
For a bijection, we write \GaloiS{\alphal}{\gamma}:
(L, <) == (M, ©)

The surjection on the quotient of M by the equivalence relation x = y defined by
~v(z) = v(y) is denoted \galoiSr{\alpha}{\gamma}:

(L, <) == _a» (M, )
The composition of Galois connections:
(L, <) == = (M,C) and (M,LC)—= = (N, <)

is a Galois connection (the composition o of functions is \comp):

*This file has version number 1.05, last revised 2005/03/19.



color

\@GALOIScolor

\GaloisStyle

(L, <) === (N, =)
o

Galois connections (L, <) % (M, C) can be lifted from sets of properties to

sets of monotone functions:
Ap-yopo
(L L, <) =22 (M s, M, T)
Ap-aopory

where the ordering on functions is pointwise that is ¢ < ¢ if and only if Vz :
p(z) =< ¢(x). Observe that the length of the arrows stretches automatically to the
appropriate width.

3 Package options

The color option is required for colored Galois connections is in

\galois[red]{\alpha}{\gamma} =,
\Galois{\alpha}[blue]{\gamma} «—7%),

\GaloiS[red]{\alpha}[blue] {\gamma}  *=——;
\galoiSr[red]{\alpha}[blue] {\gamma} %, or
\comp [red] ’o .
Without ’color’ option, these colors are ignored.

\@GALOIScolor is \color with the color option and later defined as \relax in
absence of color option.

1 \DeclareOption{color}{/
2 \def\@GALOIScolor{\color}}

3 \ProcessOptions

4 Style parameters

You can use Galois connections in any size (footnotes, transparencies, etc.) : tiny

L == M, scriptsize L <= M, footnotesize L % M, small L % M, normalsize L %
v gl ¢ i

M, large L <—T’ M, Large L —— M, LARGE L - M,
«@ «

,Y
huge L % ]\47 Huge L : M Observe

I 0%

that in the width of arrows and height of enclosing box

are automatically adjusted according to the size of @ and . You can adjust the
following parameters:

\GaloisStyle : style of upper and lower tags (\scripstyle by default);



\GaloisArrowThickness
\GaloisArrowThickness : thickness of the arrow stems !; (0.1ex by default);
\GaloisArrowsSep
\GaloisArrowsSep : distance between the arrows (0.2ex by default);
\GaloisArrowTagSep
\GaloisArrowTagSep : distance between arrows and tags (0.5ex by default).
For example with:

\renewcommand{\GaloisArrowsSep}{lcm}
\renewcommand{\GaloisArrowTagSep}{Opt}

o - o

\renewcommand{\GaloisArrowsSep}{Opt}
\renewcommand{\GaloisArrowTagSep}{5mm}

we get and with

\renewcommand{\GaloisArrowsSep}{Opt}
\renewcommand{\GaloisArrowTagSep}{Opt}

we get

5 Implementation

4 (xpackage)

Require color package for ’color’ option else coloring is ignored.
5 \1fx\Q@GALOIScolor\undefined
6 \def\@GALOIScolor#1{\relax}’
7 \else

Istem is “tige” in french.



8 \RequirePackage{color}’
9 \fi

\comp Define functional composition f o g(z) is f(g(z)) (if not already defined e.g. as in
\QGALOIScomp mathtime.sty). \comp[color] will draw in color (black by default).

10 \@ifundefined{comp}{’%

11 % Scan the optional color argument

12 \newcommand{\comp}{\@ifnextchar [{\@GALOIScomp}{\@GALOIScomp [black]}}%

13 % Defined the colored functional composition \@GALOIScomp[color]

14 \def\@GALOIScomp [#1]{\mathchoice

15 {\mathrel{\raisebox{0.2ex}{$\QGALOIScolor{#1}\scriptstyle\circ$}}}%

16 {\mathrel{\raisebox{0.2ex}{$\@GALOIScolor{#1}\scriptstyle\circ$}}}%

17 {\mathrel{\raisebox{0.1ex}{$\@GALOIScolor{#1}\scriptscriptstyle\circ$}}}%
18 {\mathrel{\raisebox{0.1ex}{$\@GALOIScolor{#1}\scriptscriptstyle\circ$}}}}%

19 H3}%
Style commands:
. b b b b
\GaloisStyle Style of a and b in —, & or

’ a a
20 \newcommand{\GaloisStyle}{\scriptstyle}’

\GaloisArrowThickness Thickness of the arrow stems (0.lex by default):
21 \newcommand{\GaloisArrowThickness}{0.1lex}%

\GaloisArrowsSep Distance between the lower and upper arrows (0.2ex by default):
22 \newcommand{\GaloisArrowsSep}{0.2ex}%

\GaloisArrowTagSep Distance between the lower arrow and the top of a and the top-arrow and the
bottom of b (0.5ex by default)

23 \newcommand{\GaloisArrowTagSep}{0.5ex}’

\@GALOISalphadepth Auxiliary lengths:
\@GALOISalphaheight 24 {}
\@GALOISgammadepth 25 \newlength{\@GALOISalphadepth}%
\@GALOISwidth 26 \newlength{\@GALOISalphaheight}/
\QGALOISheight 27 \newlength{\@GALOISgammadepth}’
\@GALUISdepth 28 \newlength{\@GALOISwidth}%
\QGALOIStotalheight 2° \newlength{\@GALOISheight}Y,
\@GALOTSGap 30 \newlength{\@GALOISdepth}%
\@GALOTSalphaarrowwidth 31 \newlength{\@GALOIStotalheightl}

] 32 \newlength{\@GALOISGapl}/
\QGALOISalphaarrowhalfheight 33 \newlength{\Q@GALOISalphaarrowwidth}/,

\CGALOISgammaarrowwidth 34 \newlength{\@GALOISalphaarrowhalfheight}%
\@GALOISgammaarrowhalfheight 35 \newlength{\QGALOISgammaarrowwidth}’
36 \newlength{\QGALOISgammaarrowhalfheight},

\Galois@put \Galois@put(x,y-d){text} puts text at coordinates (x,y — d), in a box of size
Opt x Opt:
37 \def\Galois@put (#1,#2-#3) #4{\rlap{\smash{\hskip#1\setlength{\@tempdimc}{#21}7,
38 \addtolength{\@tempdimc}{-#3}\raisebox{\@tempdimc}{#4}}}1}/

\@GALOISrightarrowfill \Q@GALOISrightarrowfill{\rightarrow}, see TEXbook p. 357.
39 \def\Q@GALOISrightarrowfill#1{$\m@th \smash- \mkern-7mu
40 \cleaders\hbox{$\mkern-2mu \smash- \mkern-2mu$}\hfillj,
41 \mkern-7mu \mathord{#1}$}/



\@GALOISleftarrowfill

\@GALOIS
\Q@GALOISca
\@GALOISca

\@GALOISleftarrowfill{\leftarrow}, see TEXbook p. 357.

42 \def\@GALOISleftarrowfill#1{$\m@th \mathord{#1} \mkern-7mu},
43 \cleaders\hbox{$\mkern-2mu \smash- \mkern-2mu$}\hfill¥
44 \mkern-7mu \smash-$1}V

Stacking a, the arrows and ¢ in %:

\@GALOIS{-->}{<--}{a}{g} constructs %. \@GALOIS{-->}{<--}[coloral{a}{g},
\@GALOIS{-->}{<--}{a}[colorgl{g} and \@GALOIS{-->}{<--}[coloral{a}[colorgl{g}
add colors colora for the a-arrow and colorg for theg arrow.

45 % First, scan the alpha color optional argument (black

46 % otherwise)

47 \def\@GALOIS#1#2{\@ifnextchar [{\@GALOISca{#1}{#2}}{\QGALOISca{#1}{#2} [black]l}}%
48 % Second scan the gamma color optional argument (black

49 % otherwise)

50 \def\QGALOISca#1#2 [#3]#4{\@ifnextchar [{\QGALOIScacg{#1}{#2} [#3]{#4}}%

51 {\@GALOIScacg{#1}{#2} [#3]{#4} [black]}}%

52 % Finally \@GALOIScacg{-->}{<--}[coloral{al}[colorgl{g} stacks $a$,

53 % the arrows and $g$ in $\galois{a}{g}$, using colors with the

54 % ’color’ option.

55 \def\QGALOIScacg#1#2 [#3]#4 [#5]#6{/,

56 \ensuremath{\mathrel{%

57 \def\Q@GALOISalphatag{\ $\@GALOIScolor{#3}\GaloisStyle#4$\ }%

58 \def\Q@GALOISgammatag{\ $\QGALOIScolor{#5}\GaloisStyle#6$\ }

59 % compute width of alpha/lower and gamma/upper arrows

60 \settowidth{\@GALOISalphaarrowwidth}{$\mathord{#1}$}%

61 \settowidth{\@GALOISgammaarrowwidth}{$\mathord{#2}$}%

62 % compute width of the picture \@GALOISwidth

63 \1fdim\@GALOISalphaarrowwidth>\Q@GALOISgammaarrowwidth,

64 \settowidth{\@tempdima}{\hbox{\hspace*{\@GALOISalphaarrowwidth}\@GALOISalphatag}}’
65 \settowidth{\@tempdimb}{\hbox{\hspace*{\QGALOISalphaarrowwidth}\@GALOISgammatagl}}’
66 \else’,

67 \settowidth{\@tempdima}{\hbox{\hspace*{\@GALOISgammaarrowwidth}\@GALOISalphatag}}’
68 \settowidth{\@tempdimb}{\hbox{\hspace*{\QGALOISgammaarrowwidth}\@GALOISgammatagl}}’
69 \fi

70 \ifdim\@tempdima>\Q@tempdimby,

71 \setlength{\@GALOISwidth}{\@tempdimal}Y

72 \elseY,

73 \setlength{\@GALOISwidth}{\@tempdimb}

74 \£i},

75 \def\@GALOISrightarrow{\hbox to\Q@GALOISwidth

76 {\@GALOIScolor{#3}\Q@GALOISrightarrowfill{#1}}}%

77 \def\QGALOISleftarrow{\hbox to\@GALOISwidth

78 {\@GALOIScolor{#5}\@GALOISleftarrowfill{#2}}1}/

79 % compute half height of alpha/lower arrow

80 \settodepth{\@GALOISalphaarrowhalfheight}{$\mathord{#1}$}7%

81 \settoheight{\@tempdima}{$\mathord{#1}$}7

82 \addtolength{\Q@GALOISalphaarrowhalfheight}{\@tempdimal}’

83 \divide \@GALOISalphaarrowhalfheight by 2%

84 % compute half height of gamma/upper arrow

85 \settodepth{\@GALOISgammaarrowhalfheight}{$\mathord{#2}$}%

86 \settoheight{\@tempdima}{$\mathord{#2}$1}/,

87 \addtolength{\Q@GALOISgammaarrowhalfheight}{\@tempdimaly,

88 \divide \@GALOISgammaarrowhalfheight by 27



89 % compute the distance between the two arrows \QGALOISGap =

90 %  \max(\Q@GALOISalphaarrowhalfheight,

91 % \@GALOISgammaarrowhalfheight)+\GaloisArrowsSep

92 \ifdim\@GALOISalphaarrowhalfheight>\@GALOISgammaarrowhalfheight
93 \setlength{\QGALOISGap}{\@GALOISalphaarrowhalfheight},

94 \else,

95 \addtolength{\Q@GALOISGap}{\@GALOISgammaarrowhalfheight}¥

96 \fi,

97 \addtolength{\@GALOISGap}{\GaloisArrowsSepl}/,

98 % 1lift from the stems thickness

99 \addtolength{\@GALOISGap}{\GaloisArrowThickness }%

100 \addtolength{\Q@GALOISGap}{\GaloisArrowThickness }%

101 % compute height \@GALOISheight depth \@GALOISdepth

102 % and total height \Q@GALOIStotalheight of the picture

103 \settodepth{\@GALOISalphadepth}{\@GALOISalphatag}¥%

104 \settoheight{\Q@GALOISalphaheight}{\@GALOISalphatag}’

105 \settodepth{\@GALOISgammadepth}{\QGALOISgammatag}’,

106 % compute depth \@GALOISdepth of the picture

107 % \Q@GALOISdepth = \@GALOISalphadepth

108 % + \@GALOISalphaheight % vertical size of alpha tag
109 % + \GaloisArrowTagSep ' between top of tag and arrow
110 \setlength{\@GALOISdepth}{\@GALOISalphadepthl}

111 \addtolength{\@GALOISdepth}{\@GALOISalphaheightl}’,

112 \addtolength{\@GALOISdepth}{\GaloisArrowTagSep}%

113 % 1lift from the stem thickness

114 \addtolength{\@GALOISdepth}{-\GaloisArrowThickness }%

115 % compute height \@GALOISheight of the picture

116 \setlength{\@GALOISheight}{\@GALOISGapl}’

117 \addtolength{\@GALOISheight}{\GaloisArrowTagSepl}’%

118 \addtolength{\@GALOISheight}{\@GALOISgammadepthl}’,

119 \settoheight{\Q@tempdima}{\@GALOISgammatagl}’

120 \addtolength{\@GALOISheight}{\@tempdimal}y,

121 % compute total height \@GALOIStotalheight of the picture

122 % \@GALOIStotalheight = \@GALOISdepth + \Q@GALOISheight

123 \setlength{\@GALOIStotalheight}{\@GALOISdepth}%

124 \addtolength{\Q@GALOIStotalheight}{\@GALOISheight}%

125 % put alpha arrow

126 \Galois@put (Opt,Opt-\@GALOISalphaarrowhalfheight){\QGALOISrightarrow},
127 % put gamma arrow

128 \Galois@put (Opt, \@GALOISGap-\@GALOISalphaarrowhalfheight){\@GALOISleftarrowl}/,
129 % put alpha

130 \setlength{\@tempdima}{\@GALOISwidth}}

131 \settowidth{\@tempdimb}{\@GALOISalphatag}’,

132 \addtolength{\@tempdima}{-\@tempdimbl}

133 \divide\@tempdima by 2%

134 \Galois@put (\@tempdima, \@GALOISalphadepth-\@GALOISdepth) {\@GALOISalphatag}’,
135 % put gamma

136 \setlength{\@tempdima}{\Q@GALOISwidth}}

137 \settowidth{\@tempdimb}{\@GALOISgammatag}’,

138 \addtolength{\@tempdima}{-\@tempdimbl}

139 \divide\@tempdima by 2%

140 \setlength{\@tempdimb}{\@GALOISalphadepthl}’

141 \addtolength{\@tempdimb}{\@GALOISalphaheight}Y

142 \addtolength{\@tempdimb}{\GaloisArrowTagSep}’



\galois
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143 \addtolength{\@tempdimb}{\GaloisArrowTagSep}’
144 \addtolength{\@tempdimb}{\@GALOISGap}%
145 \addtolength{\@tempdimb}{\@GALOISgammadepth}’

146 \Galois@put (\@tempdima, \@tempdimb-\@GALOISdepth) {\@GALOISgammatagl}’
147 \rule [-\@GALOISdepth] {Opt}{\@GALOIStotalheight}), set depth and height

148 \hspace*{\@GALOISwidth}/, set width
149 }Y}}%

\galois{a}{g} is %,.

150 \newcommand{\galois}{\@GALOIS{\rightarrow}{\leftarrow}}/

\galoiS{a}{g} is % (a onto, g one-to-one, a o g =1):
151 \def\@GALOISmytwoheadrightarrow{\rlap{$\:\,{\rightarrow}$}{\longrightarrow}}’

152 \def\Q@GALOIStwoheadrightarrow{\protect\@GALOISmytwoheadrightarrowl}y,
153 \newcommand{\galoiS}{\@GALOIS{\@GALOIStwoheadrightarrow}{\leftarrow}}%

\galoiSr{a}t{g} is **_z?».

154 \def\Q@GALOISmytwoheadrightarrowreduc{\rlap{\smash{\hskiplex\raisebox{0.815ex}/,
155 {\tiny$\equiv$}}F\rlap{$\:\,{\rightarrow}$}{\longrightarrow}}/,

156 \def\Q@GALOIStwoheadrightarrowreduc{\protect\@GALOISmytwoheadrightarrowreducly,
157 \newcommand{\galoiSr}{\@GALOIS{\@GALOIStwoheadrightarrowreduc}{\leftarrow}}’

\Galois{a}{g} is ‘*%—, (a one-to-one, g onto, goa =1):
158 \def\Q@GALOISmytwoheadleftarrow{\rlap{$\:{\leftarrow}$}{\longleftarrow}}%

159 \def\Q@GALOIStwoheadleftarrow{\protect\@GALOISmytwoheadleftarrow}y,
160 \newcommand{\Galois}{\@GALOIS{\rightarrow}{\@GALOIStwoheadleftarrow}}%

\GaloiS{a}{g} is % (a bijective with inverse g).
161 \newcommand{\GaloiS}{\Q@GALOISY,

162 {\@GALOIStwoheadrightarrow}{\@GALOISmytwoheadleftarrow}}y,

163 (/package)
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